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ABSTRACT

In this paperwe considerthesynthesisof a bandpasssignalfrom
complex-envelopesamplesusingapolyphaseconversionstructure
basedon periodicallynonuniformoutputsamples.This approach
providestheflexibility to independentlychoosethesamplingrate
andcarrier frequency, overcomingthe restrictionsof reconstruc-
tion from uniformly spacedoutputsamples.Key to thedesignof
sucha systemis a particularequivalent filter with a piecewise-
constantimpulseresponsethatdeterminesboth theactualimple-
mentationfilters and systemperformance. The transition times
of this impulseresponsearefoundto beperiodicallynonuniform,
leadingto a characterizationof the correspondingfrequency re-
sponse.An exampledesignusinga previously unavailablecarrier
frequency is presentedwhich requiresfewer filter tapsthantheal-
ternative,a higher-rateuniformsystem.
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1. INTRODUCTION

When an analogbandpasssignal is synthesizedfrom complex-
envelopesamplesthroughD/A conversion at a uniform sample
rate (uniform synthesis),carrier-frequency choicesare limited.
Herethis limitation is overcomethroughthenonuniformlytimed
interleaving of polyphasedatastreamsprior to D/A conversion
(nonuniformsynthesis).After describingthesystem,we consider
the designof the equivalentfilter that is key to understandingits
operation.

In thesynthesis/modulationsystemof Fig.1(a),therealpartsof
theoutputsof

�
discrete-timefiltersarenonuniformlyinterleaved

for D/A conversionandbandpassfiltering. Exceptfor theoutput
timing, these

�
filtering armsamountto the polyphasecompo-

nentsof an interpolationfilter. The D/A receives samplesfrom
filter � at times �������
	��� andoutputsa (typically) rectangular
pulseof width �  . Theresultis a stairstepwaveformwith period-
ically nonuniformstepwidths (andpossiblygapsbetweensteps).
In themathematicallyequivalentsystemof Figure1(b), sequence
valuesare(conceptually)mappedto impulsesandpassedthrough
a single equivalent filter whosecomplex piecewise-constantim-
pulseresponseis relatedto thatof the componentfilters asillus-
tratedin Figure2. Figure3 shows representativesignals.After the
desiredspectralcomponentis shiftedto thecarrierfrequency, the
filtersmusttogethersuppresstheothercomponents(with optional
spectralshaping).Thebandpasssignalis thenjust therealpart.
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(b) Modulationusinguniformsynthesisandapiecewise-
constantfilter with nonuniformlyspacedtransitions

Figure1: Modulatorsystem(a) is for implementation.Equivalent
modulatorsystem(b) is for analysisanddesign.

Systemswhich performuniform bandpasssignalsynthesisdi-
rectly from complex-envelopesamplesarebecomingmorecom-
monplacein the literature[1–4]. Nonuniform bandpasssynthe-
sis is briefly mentionedin [5], asit is closelyrelatedto thewell-
studiedproblemof nonuniformbandpasssampling[6, 7].

2. DESIGNING THE EQUIVALENT FILTER

Theanalysisin this sectiondoesnot provide a designmethodfor
the equivalent filter of Fig. 1(b), but rathera characterizationof
the availablespectralresponsesof sucha piecewise-constantfil-
ter. This thenguidesthe selectionof the offsets �� so that FIR
polyphasecomponentfilters of modestlengthswill suffice. If the
polyphasecomponentfilters are FIR, the frequency responseof
theequivalentfilter will turnout to be,atany particularfrequency,
linear in thefilter coefficients,so thefilters canbedesignedwith
linearprogramming,second-orderconeprogramming(SOCP)[8],
or generalized-eigenfiltermethods,for example.

Thefrequency responseof afilter with apiecewise-constantim-
pulseresponseis closelyrelatedto the responseof a nonuniform
tapped-delay-line(TDL) filter. Such a TDL responsearisesin
nonuniformbandpasssampling[5]. Thekey differenceis theaddi-
tion of a hold responsein eachpolyphasearm,which resultsin an
overall responsethatreplacestheimpulsesof eachpolyphaseTDL
impulseresponsewith copiesof thecorrespondinghold response.
Defining BCEDF��G	��H���I , the centersof the impulseresponse
stairstepshave supportin JK	E����� � , whereJMLN��BC��O$P9P9P�O)B ����� �
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Figure2: Thesynthesisequivalentfilter is relatedto (discrete-time
representationsof) its polyphasecomponentfiltersasshown.
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Figure3: Examplesignalspectrafor thesystemof Fig. 1(b).

(seeFig. 2). Thefrequency responseof suchafilter canbewritten
as

h 5 � 8 L �i�j�k
9l � h  5 � 8&m� 5 � 8  � !-#&%�'Cn)o O (1)

where
h  5 � 8 is the period � � responseof a uniform TDL filter,

and m  5 � 8 is the(zero-phase)responseof a time-symmetriczero-
orderhold of duration�  .

A usefulconceptwhendealingwith periodicfunctionssuchas
uniform TDL frequency responsesis the p�qsrtp�u&vxw@y9y 5 ��� 8 zone,de-
finedin [7] asthespectralsupportof a signalthatcanbesampled
at a rate � � without aliasing. From a filter-designviewpoint, anp�qzrzp�u&vxw@y9y 5 ��� 8 zonerepresentsa setof frequencieson which a pe-
riodic frequency responsewith period ��� canbespecifiedwithout
conflict. Since { is p�qsrtp�u&vxw@y9y 5 � �98 if no two frequenciesin { are
equalmodulo ��� , it follows that

{}|~DN�j��	�� 5 � 8 � ��� �g�g{�� (2)

is also p�qzrzp�u&vxw@y9y 5 ��� 8 for any function � � {���� . Specifyinga
periodicresponseon { | is equivalentto specifyingit on { .

For integer-valuedfunction � 5 � 8 then,

h 5 ��	�� 5 � 8 ��� 8 L �i�j�k
$l � h  5 � 8&m  5 ��	�� 5 � 8 ��� 8�� |�� '��  � !-#&%�'Cn)o O

where � �L  � !$#&%�')+@n)o . This canbe written simultaneouslyfor

� 5 � 8 L���� 5 � 8 O$P9P9P�O)� �i�j� 5 � 8 asthematrix equation��
�

h 5 ��	�� � 5 � 8 ��� 8
...h 5 ��	�� ����� 5 � 8 � �98

�-�
� L~� 5 � 8&� 5 � 8

��
�

h � 5 � 8
...h ����� 5 � 8

�-�
� O

(3)

with matrices� 5 � 8 , � 5 � 8 definedby

/ � 0t��� ! L � |��)� '��! m ! 5 ��	�� �)5 � 8 ��� 8 (4)

for �)O� �L Y O$P9P9P�O � V�W , and

� 5 � 8 L¢¡Arzpj£ 5� � !-#&%�'Cn&¤ OCP9P9P�O  � !-#&%�'Cn)¥�¦$§ 8 P
If � is restricted to some pjqsrzpju&vxw@y$y 5 ��� 8 zone { , say5 V � � ��I[O"� � ��I 8 , then(3) relatesthe equivalentresponse

h 5 � 8 on� pjqsrzpju&vtw@y9y 5 ��� 8 regions { | ¤ O9P9P9P�O&{ | ¥�¦$§ determinedby (2) to
the frequency responseson { of thepolyphasecomponentfiltersh � O9P$P9PHO h ����� throughmatrices� 5 � 8 and � 5 � 8 .

Matrix � 5 � 8 is unitaryandhenceinvertible,so if � 5 � 8 is also
invertiblefor every ���`{ , thenthe

�
responsesof thepolyphase

componentfilters can be determinedfrom the
�

segment re-
sponsesof filter

h 5 � 8 . If � is singular at somefrequency �
its rangespaceis of dimensionlessthan

�
, andsomeof those

equivalent-filter segment responsescan be determinedfrom the
othersat thatfrequency; independentspecificationof

h 5 � 8 onthis
family of segmentsis not possible.Further, for any � theratio of
the ¨ # norm of the vectorof segmentresponsesto the ¨ # norm
of the vector of polyphase-componentresponsesis boundedbe-
tweenthe maximumand minimum singularvaluesof � 5 � 8 . If
thesevaluesdiffer widely—conditionnumber © 5 � 8 , the ratio of
the maximumto minimum singularvalue,providesa measure—
extremebehavior may be requiredof the polyphasecomponent
filters in order to effect modestequivalent-filter behavior. Be-
causeof thehold responsesinherentin D/A conversion,thecon-
dition numberof � 5 � 8 will bea functionof frequency evenwhen� � 5 � 8 O$P9P9P�O)�ª�i�j� 5 � 8 areconstant.This standsin contrastto the
otherwisesimilarnonuniformsampling[5], wherethespecialcase
of uniformsampling(for example)resultsin all singularvaluesbe-
ing identical.

A shortsummaryof generaldesignprinciplescannow bestated.
Choosearm-number

�
to providethenecessarytotaldesignband-

width, andchoosefunctions�� 5 � 8 (relative to some{ ) to define
thedesiredspectralregionsto bedesigned.For bandpasssynthesis
the region to be designedis usually two bandpassintervals cen-
teredat thepositive andnegative carrierfrequencies.For even

�
it is alwayspossibleto sochoose�� 5 � 8 for any carrierfrequency,
simplyby designatinghalf of thefunctions�ª 5 � 8 for thepositive
interval andhalf for the negative. For odd

�
this is only possi-

ble when ��\g� #b« �H�¬ � � , which is a consequenceof splitting one
of the integer functionsbetweenbands.Otherchoicesarepossi-
ble whenthecarrieris not requiredto be thecenterof thedesign
interval. Choosingthe timing parametersBC and �H generallyin-
volvesa tradeoff betweenperformanceandsystemcomplexity —
theoptimalsetof timings(thosethatminimizetheconditionnum-
berof (4)) maybeunrealisticandwould usuallybeapproximated
by a ratio of small integers. The requirementthat the outputof
onearm not overlapanother(thusallowing implementationwith
a singleD/A) implies that �H is not independentof thechoiceofB� andin generalresultsin gapsin the impulseresponseandthe
D/A output.SincecloselyspacedB� imply small �H , nonuniform



synthesismaynot lessentheconversion-timerequirementson the
D/A ascomparedto higheroutput-rateuniformsynthesis.

Having determinedsuitabletiming parameters,onecouldsolve
(3) for “ideal” arm filters andthenseekto approximatethosere-
sponsesin someway. A muchmorepowerful approachis to use
(1) directly, implicitly designingthearm-filterresponseswhile op-
timizing somemeasureof systemperformance.An examplewill
illustratethis approach.

3. DESIGN EXAMPLE

Considerabandpasssynthesissystemoperatingataninputsample
rateof ��� on a complex envelopeof two-sidedbandwidth Y P ���� ,
with acarrierfrequency of W P I�®j� � . Thelastis aninterestingchoice
for several reasons.First, it will allow full designcontrolwith an
oddvalueof

�
. Second,for

� L°¯ this carrierfrequency is un-
availableto auniformsystem(dueto thefilter periodicity).Lastly,
thiscarrierfrequency representstheclassicchoiceof � \ L � ���C��±
for a uniform systemwith

� L²® , allowing a comparisonof a
nonuniformsystemwith a higher-rateuniform system. Figure4
illustratesa possiblechoicefor thefunctions � � O)�³�9O)� # andthe
resultingspectralregions { | ¤ O&{ | § O&{ |�´ when

� L~¯ .
Key to theoperationof a bandpasssynthesissystemis theana-

log bandpassfiltering at the output,which is responsiblefor re-
moving the (often significant)out-of-bandsignalsfrom the D/A.
Fromtheequivalent-filterviewpoint thebandpassfilter suppresses
frequenciesoutside of the design regions {}| ¤ O9P9P9P�O&{}| ¥�¦$§ .
Thesesystemsoftenrequirerelatively high-orderfilters dueto the
typically high ratio of bandwidthto carrier frequency. The ex-
amplesuseda Chebychev type-I filter createdfrom a 6th-order
lowpassprototypewith a bandwidthof ��� and µ Y P ® dB of pass-
bandripple. Thepassbandedges,locatedat 5 Y P ¶�����O W P ¶���� 8 , were
chosenexperimentallyto lessengroup-delayeffectsin thedesign
bandwhile keepingthe bandwidthmodest. The equivalentfilter
musthave nonlinearphaseto correcttheremainingphaseerrors.

Now comesthematterof choosingthetiming parameters.Us-
ing (4) and(for simplicity) temporarilyneglectingthehold func-
tions,theminimumconditionnumberof � wasfoundto be W P  W ® ,
correspondingto J·L¸� V}Y P I W ¶¹O Y O Y P I W ¶�� . This setis not attain-
ablewith maximum-durationhold responses,andso two choices
of parameterswere tried. For case1, transitiontimes ����[�KL� V}Y P ®¹O V}Y P Ij®¹O Y P Ij®�� wereusedwith full-durationholds �9�  �ºL� Y P I�®[O Y P ®¹O Y P Ij®�� , yielding J²L»� V}Y P ¯�¶j®¹O Y O Y P ¯�¶j®�� , which is a
poorapproximationandshows thedrawbackof usingfull holddu-
rations. Case2 usesthe betterchoice J²L¼� V}Y P I¹O Y O Y P I�� with�9�H��½LN� Y P I[O Y P I¹O Y P I�� , whichrepresentsasubsetof uniformtim-
ingswith

� LN® . Both of thesewill becomparedto case3, a full
uniform

� LN® system.Fig. 5 shows theconditionnumberof (4)
vs. frequency for case1 andcase2. As expectedit is small and
nearlyconstantfor case2, but singularat �`L Y for case1, result-
ing in aninfinite conditionnumberat thatpoint. Thiscorresponds
to the frequencies� V ����O"���jO"Ij����� in { | ¤ Ob{ | § Ob{ |¾´ . In general
attemptsto independentlyfix theresponseatall 3 frequencieswill
fail, sinceany two determinethethird.

Conceptually, the filter designprocessfor the threeexample
systemswasstraightforward,usingaSOCPengineto performcon-
strainedoptimizationof thecascadeof theanalogfilter and(1). A
40 dB ¨À¿ stopbandconstraintwasplacedat frequenciesbelowY P Á�®���� andabove W P �®���� , ensuringthatall spectralreplicasof the
inputsignalaresuppressedat least40dB.Mean-squareerror(with
respectto unity) in thepassbandregion / Y P �®�� � O W P Á�®�� � 0 wasthen

' +# V ' +# ')+# V ')+# ')+#
V ' +#

�g� 5 � 8 � � 5 � 8 � # 5 � 8IW
VXW V I

')+#V ')+# Â ')+#V Â ')+#V Ij��� Ij���
{}|¾´Ã{}| ¤ { {}| § {}|¾´

Figure4: The functions � � O)�³�9O)� # definedon {�L / V ' +# O ' +# 0 ,
andthecorrespondingspectralregions {}| ¤ Ob{}| § Ob{}|¾´ .
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Figure5: Conditionnumber© 5 � 5 � 8)8 versusfrequency for thetwo
nonuniformcases.

minimized. Auxiliary constraintswereusedasneededto prevent
highFIR filter gainin transitionregions.Fig. 6 showstheresulting
responsesfor a total of 24complex coefficientspersystem.

Comparingthe two nonuniform systemsshows that, as pre-
dictedby theconditionnumbersof the � matrices,muchmoreex-
tremebehavior is seenin case1 thancase2, in boththeindividual
filters andthe equivalent-filter response.Whereasthe maximum
equivalent-filterout-of-bandgainfor case2 is only slightly above
thepassband,for case1 it is 20 dB higherandcannotbebrought
down without further distortingthe passband.This is unlikely to
beacceptablein a practicalsystem,asit reducestheavailabledy-
namicrange(in theD/A) for passbandsignals.Further, examining
thepassbandshowsalargerippleat �ÄL~� � , theresultof theafore-
mentionedconflicting stopbandconstraintsat �MLÅ� V ���jO@I������ .
Improving passbandperformanceherewould requirerelaxingthe
stopbandconstraintat oneof theotherfrequencies.

Comparingcases2 and 3 shows the potential savings of the
nonuniformarchitecture.Both casesproducesimilar cascadere-
sponses,but the nonuniformresponsehas only about W ��± th as
much error. Equivalently, as shown in Fig. 7 for a rangeof fil-
ter lengths,thenonuniformsystemrequiresabout W ��¯ fewer taps
for thesameperformanceastheuniformsystem.

4. CONCLUSIONS

The performancebenefitsof the nonuniformsystemcanbe intu-
itively understoodfrom theimpulseresponseplotsof Fig.6. Since
the tap densityof the equivalent filter is lower for (nonuniform)
case2 thanfor (uniform)case3, for afixednumberof tapsit hasa
longerimpulseresponseandthusbetter-definedspectralfeatures.
Thenonuniformfilter gainsthisadvantageby tradingtotalcontrol-
lablebandwidthfor greaterprecisionover thesmallerregion.

So when is nonuniformsynthesispractical? Without compli-
catedclockingit seemsinevitablethatanonuniformsystemwill be
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realizedasa thinnedversionof somehigher-rateuniform system.
A nonuniformsystemis generallynolessdemandingof D/A speed
andclockingthanahigher-rateuniformsystem.GivenampleDSP
power, the uniform systemis thesimplechoice. If, however, the
driving requirementis to minimizeDSPcomputation,thennonuni-
form synthesismayoffer betterperformance.
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