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ABSTRACT

In this paperwe considerthe synthesisof a bandpassignalfrom
comple-ervelopesamplesisinga polyphasecorversionstructure
basedon periodicallynonuniformoutputsamples.This approach
providestheflexibility to independentichoosethe samplingrate
and carrierfrequeng, overcomingthe restrictionsof reconstruc-
tion from uniformly spacedutputsamples.Key to the designof
sucha systemis a particularequivalent filter with a piecevise-
constanimpulseresponsehat determinesoth the actualimple-
mentationfilters and systemperformance. The transitiontimes
of thisimpulseresponsearefoundto be periodicallynonuniform,
leadingto a characterizatiorof the correspondindgrequeng re-
sponse An exampledesignusinga previously unavailable carrier
frequeny is presenteavhich requiresfewer filter tapsthantheal-
ternatve, a higherrateuniform system.

1. INTRODUCTION

When an analogbandpasssignal is synthesizedrom complex-
ernvelope samplesthrough D/A conversionat a uniform sample
rate (uniform synthesis),carrierfrequeng choicesare limited.
Herethis limitation is overcomethroughthe nonuniformlytimed
interleaving of polyphasedata streamsprior to D/A corversion
(nonuniformsynthesis) After describingthe systemwe consider
the designof the equivalentfilter thatis key to understandingts
operation.

In thesynthesis/modulatiosystenof Fig. 1(a),thereal partsof
theoutputsof M discrete-timdilters arenonuniformlyinterleazed
for D/A corversionandbandpas#iltering. Exceptfor the output
timing, theseM filtering armsamountto the polyphasecompo-
nentsof an interpolationfilter. The D/A receves samplesfrom
filter k attimesZ/fs + a; andoutputsa (typically) rectangular
pulseof width T,. Theresultis a stairstepvaveformwith period-
ically nonuniformstepwidths (andpossiblygapsbetweensteps).
In the mathematicallyequivalentsystemof Figure1(b), sequence
valuesare(conceptuallymappedo impulsesandpassedhrough
a single equivalentfilter whosecomple piecavise-constantm-
pulseresponsas relatedto that of the componenfilters asillus-
tratedin Figure2. Figure3 shaws representate signals.After the
desiredspectralcomponents shiftedto the carrierfrequeng, the
filters musttogethersuppresshe othercomponentgwith optional
spectrakhaping).Thebandpassignalis thenjusttherealpart.
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(b) Modulationusinguniform synthesisanda piecavise-
constanfilter with nonuniformlyspacedransitions

Figurel: Modulatorsystem(a) is for implementation Equivalent
modulatorsystem(b) is for analysisanddesign.

Systemswhich performuniform bandpassignal synthesisdi-
rectly from complex-ervelope samplesare becomingmore com-
monplacein the literature [1-4]. Nonuniform bandpassynthe-
sisis briefly mentionedn [5], asit is closelyrelatedto the well-
studiedproblemof nonuniformbandpassampling[6, 7].

2. DESIGNING THE EQUIVALENT FILTER

The analysisin this sectiondoesnot provide a designmethodfor
the equivalentfilter of Fig. 1(b), but rathera characterizatiorof
the available spectralresponse®f sucha piecavise-constanfil-
ter. This thenguidesthe selectionof the offsetsa;, sothat FIR
polyphasecomponenfilters of modestiengthswill sufice. If the
polyphasecomponenfilters are FIR, the frequeng responseof
theequivalentfilter will turnoutto be,atary particularfrequeng,
linearin thefilter coeficients,so thefilters canbe designedwith
linearprogrammingsecond-ordeconeprogramming SOCP)[8],
or generalized-eigenfiltanethodsfor example.

Thefrequeny responsef afilter with apiecavise-constanim-
pulseresponsés closelyrelatedto the responsef a nonuniform
tapped-delay-lingTDL) filter. Sucha TDL responsearisesin
nonuniformbandpassampling/5]. Thekey differences theaddi-
tion of ahold responsén eachpolyphasearm,which resultsin an
overallresponsehatreplacesheimpulsesof eachpolyphasérDL
impulseresponsavith copiesof the correspondindnold response.
Defining 7, = ax + Tk/2, the centersof the impulseresponse
stairstepshave supportn 7 + Z/ fs, whereT = {ro,... ,7m}
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Figure2: Thesynthesiequialentfilter is relatedto (discrete-time
representationsf) its polyphasecomponenfilters asshown.
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Figure3: Examplesignalspectraor the systemof Fig. 1(b).

(seeFig. 2). Thefrequeng responsef suchafilter canbewritten
as

M-1

)= He(f)Pe(f)e >, 1)

k=0

where Hy(f) is the period f, responsef a uniform TDL filter,
and Py (f) is the (zero-phasejespons®f atime-symmetrizero-
orderhold of durationT.

A usefulconceptwhendealingwith periodicfunctionssuchas
uniform TDL frequeng responsess the aliasfree(fs) zone,de-
finedin [7] asthe spectrakupportof a signalthatcanbe sampled
at arate f, without aliasing. From a filter-designviewpoint, an
aliasfree(fs) zonerepresents setof frequencieson which a pe-
riodic frequeng responsavith period fs canbe specifiedwithout
conflict. SinceF is aliasfree(fs) if notwo frequenciesn F are
equalmodulof,, it follows that

Fo ={f+m(f)fs: f € F} (2)

is alsoaliasfree( fs) for ary functionm : F — Z. Specifyinga
periodicresponsen F,, is equialentto specifyingit on F.
For integervaluedfunctionm( f) then,

H(f+m(f)fs) = Z_Hk(f)Pk(f+m(f)f) LORSES

k=0

wherey, = e~7?7fs7e  This can be written simultaneouslyfor

m(f) =mo(f),...

H(f +mo(f)fs)

,muy—1(f) asthematrix equation

Ho(f)
=T(f)D(f) f :

H(f + mua (£)fs) Hua(f)

@)
with matricesI'(f), D(f) definedby

[Tis =77 PP (f +mi(f) fs) @)

fori,7=0,...,M—1,and

D(f) =

If f is restricted to some aliasfree(fo) zone F, say
(—71s/2, fs/2), then(3) relatesthe equivalentresponseH () on
M aliasfree(fs) regions Fong, - - - , Fmp,, determinedoy (2) to
the frequenyg responsesn F of the polyphasecomponenfilters
Hy, ..., Hy— throughmatricesI'(f) andD(f).

Matrix D(f) is unitary andhenceinvertible, soif I'( f) is also
invertiblefor every f € F, thenthe M responsesf thepolyphase
componentfilters can be determinedfrom the M segmentre-
sponsesof filter H(f). If T' is singularat somefrequeny f
its rangespaceis of dimensionlessthan M, and someof those
equialent-filter sggmentresponsesan be determinedfrom the
othersatthatfrequeng; independenspecificatiorof H( f) onthis
family of segmentsis not possible.Further for ary f theratio of
the L, norm of the vector of sggmentresponseso the L, norm
of the vector of polyphase-componeméesponsess boundedbe-
tweenthe maximumand minimum singularvaluesof I'(f). If
thesevaluesdiffer widely—conditionnumbery(T'), the ratio of
the maximumto minimum singularvalue, provides a measure—
extreme behaior may be requiredof the polyphasecomponent
filters in orderto effect modestequialent-filter behaior. Be-
causeof the hold response@herentin D/A corversion,the con-
dition numberof I'( f) will beafunctionof frequeng evenwhen
mo(f),...,mu—1(f) areconstantThis standsn contrasto the
otherwisesimilar nonuniformsampling[5], wherethespecialcase
of uniform sampling(for example)resultsin all singularvaluesbe-
ing identical.

A shortsummaryof generabesignprinciplescannow bestated.
Choosearm-numbetV! to provide thenecessarjotaldesignband-
width, andchoosefunctionsmy ( f) (relative to someF) to define
thedesiredspectrategionsto bedesignedFor bandpassynthesis
the region to be designeds usuallytwo bandpass$ntenals cen-
teredat the positive andnegative carrierfrequenciesFor even M
it is alwayspossibleto sochoosem.( f) for ary carrierfrequeng,
simply by designatindhalf of thefunctionsmy( f) for the positive
interval and half for the neggative. For odd M this is only possi-
ble when f. € 2=1 ¢ which is a consequencef splitting one
of the integer functionsbetweenbands. Other choicesare possi-
ble whenthe carrieris not requiredto be the centerof the design
interval. Choosingthetiming parametersy, andT} generallyin-
volvesatradeof betweerperformancendsystemcompleity —
theoptimalsetof timings (thosethatminimizetheconditionnum-
berof (4)) may be unrealisticandwould usuallybe approximated
by a ratio of small integers. The requirementhat the output of
one arm not overlap another(thus allowing implementationwith
asingleD/A) impliesthat T} is notindependenbf the choiceof
71 andin generalresultsin gapsin the impulseresponsendthe
D/A output. Sincecloselyspacedr;, imply smallT%, nonuniform
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synthesignay not lesserthe conversion-timerequirement®n the
D/A ascomparedo higheroutput-rateuniform synthesis.

Having determinedsuitabletiming parameterspnecouldsolve
(3) for “ideal” armfilters andthenseekto approximatethosere-
sponsesn someway. A muchmore powerful approachs to use
(1) directly, implicitly designinghearm-filterresponsewhile op-
timizing somemeasureof systemperformance An examplewill
illustratethis approach.

3. DESIGN EXAMPLE

Considermbandpassynthesisystenmoperatingataninputsample
rateof f, onacomple ervelopeof two-sidedbandwidth0.8 fs,
with acarrierfrequeng of 1.25 fs. Thelastis aninterestingchoice
for severalreasonsFirst, it will allow full designcontrolwith an
oddvalueof M. Secondfor M = 3 this carrierfrequeng is un-
availableto a uniform system(dueto thefilter periodicity). Lastly,
thiscarrierfrequeng representtheclassicchoiceof f. = M f, /4
for a uniform systemwith M = 5, allowing a comparisorof a
nonuniformsystemwith a higherrate uniform system. Figure 4
illustratesa possiblechoicefor the functionsmg, m1, m» andthe
resultingspectraregionsFo, Fm, , Fme, WhenM = 3.

Key to the operationof a bandpassynthesisystemis theana-
log bandpasdiltering at the output, which is responsibléor re-
moving the (often significant) out-of-bandsignalsfrom the D/A.
Fromtheequialent-filterviewpointthe bandpaséilter suppresses
frequenciesoutside of the design regions Fp,, - .. , Fmapg -
Thesesystemftenrequirerelatively high-orderfilters dueto the
typically high ratio of bandwidthto carrier frequeng. The ex-
amplesuseda Chebyche type-I filter createdfrom a 6th-order
lowpassprototypewith a bandwidthof fs and+0.5 dB of pass-
bandripple. The passbanddgesjocatedat (0.7f5,1.7f;), were
choserexperimentallyto lessergroup-delayeffectsin the design
bandwhile keepingthe bandwidthmodest. The equivalentfilter
musthave nonlinearphaseto correctthe remainingphaseerrors.

Now comesthe matterof choosingthetiming parametersUs-
ing (4) and (for simplicity) temporarilyneglectingthe hold func-
tions,theminimumconditionnumberof I" wasfoundto be 1.815,
correspondingo 7 = {—0.217, 0, 0.217}. This setis not attain-
ablewith maximum-duratiorhold responsesandso two choices
of parametersveretried. For casel, transitiontimes {ax} =
{-0.5,—-0.25,0.25} wereusedwith full-durationholds {7} =
{0.25,0.5,0.25}, yielding 7 = {-0.375,0,0.375}, whichis a
poorapproximatiorandshavs thedravbackof usingfull hold du-
rations. Case2 usesthe betterchoice7 = {-0.2,0,0.2} with
{T} = {0.2,0.2,0.2}, whichrepresenta subsedf uniformtim-
ingswith M = 5. Both of thesewill be comparedo case3, afull
uniform M = 5 systemFig. 5 shavs the conditionnumberof (4)
vs. frequeny for casel andcase2. As expectedit is smalland
nearlyconstanfor case2, but singularat f = 0 for casel, result-
ing in aninfinite conditionnumberat thatpoint. This corresponds
to thefrequencied —fs, fs, 2fs} IN Fng, Fmys Fms- 1N general
attemptdo independentlyix theresponsatall 3 frequenciewill
fail, sinceary two determinethethird.

Conceptually the filter designprocessfor the three example
systemsvasstraightforvard,usingaSOCPengineto performcon-
strainedoptimizationof the cascad®f theanalodfilter and(1). A
40 dB L, stopbandconstraintwas placedat frequenciesbelov
0.65fs andabove 1.85 f5, ensuringthatall spectrakreplicasof the
inputsignalaresuppressedtleast40dB. Mean-squarerror (with
respecto unity) in the passbandegion [0.85f, 1.65 f;] wasthen
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Figure4: Thefunctionsmo, m1, m» definedon F = [— L, L],

andthecorrespondingpectraregions Frm, Fmi, Fmo -
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Figure5: Conditionnumbery (I'( f)) versusrequeng for thetwo
nonuniformcases.

minimized. Auxiliary constraintsvereusedasneededo prevent
highFIR filter gainin transitionregions.Fig. 6 shavs theresulting
responsefor atotal of 24 comple coeficientspersystem.

Comparingthe two nonuniform systemsshaws that, as pre-
dictedby the conditionnumbersf theI’ matricesmuchmoreex-
tremebehaior is seenin casel thancase?, in boththeindividual
filters andthe equialent-filter response.Whereashe maximum
equialent-filterout-of-bandgainfor case2 is only slightly above
the passbandfor casel it is 20 dB higherandcannotbe brought
down without further distortingthe passbandThis is unlikely to
be acceptablén apracticalsystemasit reduceghe availabledy-
namicrange(in theD/A) for passbandignals.Further examining
thepassbandhavsalargerippleat f = £, theresultof theafore-
mentionedconflicting stopbandconstraintsat f = {—fs,2f,}.
Improving passbangherformancénerewould requirerelaxingthe
stopbandtonstraintat oneof the otherfrequencies.

Comparingcases2 and 3 shaws the potential savings of the
nonuniformarchitecture.Both casesproducesimilar cascadee-
sponseshut the nonuniformresponsehas only about1/4th as
much error Equivalently, as shavn in Fig. 7 for a rangeof fil-
ter lengths,the nonuniformsystemrequiresabout1/3 fewer taps
for the sameperformanceasthe uniform system.

4. CONCLUSIONS

The performancebenefitsof the nonuniformsystemcanbe intu-
itively understoodrom theimpulseresponsglotsof Fig. 6. Since
the tap densityof the equivalentfilter is lower for (nonuniform)
case? thanfor (uniform) cases, for afixednumberof tapsit hasa
longerimpulseresponsandthusbetterdefinedspectralfeatures.
Thenonuniformfilter gainsthis advantageby tradingtotal control-
lable bandwidthfor greatemprecisionover the smallerregion.

So whenis nonuniformsynthesispractical? Without compli-
catedclockingit seemsnevitablethatanonuniformsystenwill be
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Figure6: Arm-, analog-,andequialent-filterandcascadenagnituderesponseandequialent-filterimpulseresponsefor the example.
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Figure7: RMS passbanerrorvs. filter lengthfor case and3.

realizedasa thinnedversionof somehigherrate uniform system.
A nonuniformsysterris generallynolessdemandingf D/A speed
andclockingthanahigherrateuniform system.GivenampleDSP
power, the uniform systemis the simple choice. If, howvever, the
driving requirements to minimize DSPcomputationthennonuni-
form synthesisnay offer betterperformance.
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