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ABSTRACT

In this paperwe considersystemsfor demodulation/modulation
which use periodically nonuniform sampling (of arbitrary or-
der) of the bandpasssignal to circumvent the carrier-frequency
restrictionsof uniform sampling. The design of a particular
tapped-delay-line(demodulation)or piecewise-constant-impulse-
response(modulation)equivalentfilter determinesboththeactual
implementationfilters andsystemperformance.The tap spacing
of theformerandthetransitiontimesof thelatterareperiodically
nonuniform. Following a characterizationof the equivalentfilter
response,the specialcaseof second-ordersamplingis examined
for insightinto thechoiceof samplingoffset.A setof examplede-
signsdemonstratesthat,while nonuniformsamplingpermitscar-
rier frequenciesnot allowedwith uniform sampling,theresulting
systemperformanceis limited by thechoiceof carrierfrequency.
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1. INTRODUCTION

Whenuniformlyspacedcomplex-envelopesamplesarederiveddi-
rectly from ananalogbandpasssignalthroughuniform sampling,
carrier-frequency choicesare limited. Hereperiodicallynonuni-
form samplingcircumventsthoserestrictionsin boththedemodu-
latorandmodulator. After describingthesystems,weconsiderthe
designof theequivalentfilters thatarekey to theiroperation.

Figure1(a)showsa demodulatorsystembasedon periodically
nonuniformsampling. The incomingsignal is bandpassfiltered
andfed to

�
samplers,eachoperatingat a rateof ������� . Sam-

pler � acquiressamplesat times �	����
��� , ������� , and������������ � �	���!
"���$# constitutesthe setof all requiredsamples.In
theequivalent,easier-to-analyzesystemof Fig. 1(b), thecomplex
tapped-delay-line(TDL) filter impulseresponse% �'& # hassupport
on

������������ � �(�)�+*,���$# . Thefiltersof Fig.1(a)arediscrete-timever-
sionsof thepolyphasecomponentsof thissinglefilter asillustrated
in thefirst four linesof Fig.2. Figure3(a)showsthefour signalsin
Fig. 1(b)(with thetwo filtersconsideredasaunit). Thefilter com-
binationrecoversandshapesjust thepositive-frequency portionof
thebandpassinputsignalprior to frequency shiftingandsampling.
(Thealiasingis desiredfor thecommunicationwaveformshown,
but in many applicationsthefinal samplingratemustbesufficient
to avoid aliasing.)

In the modulation/reconstructionprocess,the real partsof the
outputsof

�
discrete-timefilters are nonuniformly interleaved

for D/A conversionandbandpassfiltering asshown in Fig. 4(a).
The D/A receivessamplesfrom filter � at times �����!
-��� and
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(b) Demodulationusing uniform samplingand a
TDL with nonuniformlyspacedtaps.

Figure1: Demodulatorsystem(a) is for implementation.Demod-
ulatorsystem(b) is for analysisanddesign.

outputsa stairstepwith periodicallynonuniformstepwidths. The
mathematicallyequivalentsystemof Figure4(b) featuresa single
equivalentcomplex piecewise-constant-impulse-responsefilter re-
latedto thecomponentfiltersasillustratedin Figure2. Figure3(b)
showsrepresentativesignals.After thedesiredspectralcomponent
isshiftedto thecarrierfrequency, thefiltersmusttogethersuppress
theothercomponents(with optionalspectralshaping).Theband-
passsignalis thenjust therealpart.

Bandpasssamplingtheorywasfirst advancedfor uniform and
second-ordercases[1], thenspecializedto quadraturesampling[2]
(aspecialcaseof second-ordersamplingfor I/Q recovery)andex-
tendedto higher-orderperiodicallynonuniformsampling[3] and
to multiplebands[4]. Systemsusingtheseideasfor demodulation
almostalwaysemployuniformand/orquadraturesampling[5–8].
Thecorrespondingmodulators[6,9] arelessoftendiscussed.

2. DESIGNING THE NONUNIFORM FILTER

Thefrequency responseof auniformlyspacedTDL filter cannotbe
independentlyspecifiedat frequenciesseparatedby integralmulti-
plesof thefrequency-responseperiod. Whatis thecorresponding
restrictionfor the (in general)aperiodicresponseassociatedwith
periodicallynonuniformlyspacedtaps? It will be convenientto
borrow theconceptof an Z\[7]^Z�_P`Va+b�b �'c � # zone[4], thespectralsup-
portof asignalwhichcanbesampledatarate c � withoutaliasing.
Froma filter viewpoint, an Z\[7]^Z�_P`Va+b�b �'c ��# zonerepresentsa setof
frequencieson which a periodicfrequency responsewith periodc � can be independentlyspecifiedwithout conflict. Since d isZ\[7]^Z�_P`Va+b�b �'c � # if no two frequenciesin d areequalmodulo c � , it
follows that d �fehg c *"� �'c # c �2i c �jdBk is also Z�[7]^Z _P`Va+b�b �'c � #
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(a) Examplespectrafor thedemodulatorof Fig. 1(b) operatingon acommunication
waveform,includingspectralshapingandsymbol-ratesampling.
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(b) Examplesignalspectrafor themodulatorof Fig. 4(b).

Figure3: Spectraldescriptionsof thedemodulationandmodulationsystems.
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Figure 2: The modulatorand demodulatorequivalentfilters are
eachrelatedto (discrete-timerepresentationsof) their respective
polyphasecomponentfiltersasshown. (In general,modulatorand
demodulatorfilters wouldhavedifferentcoefficients.)

for any function � i d���� .
Supposethe impulseresponseof a TDL filter hassupportin� *��$� c � , where

�
is afinite set.Thenthefrequency responseof

thefilter canbewritten� �'c #!���\��� � � �'c #P� �0� s+��� �4�
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(b) Modulation using uniform reconstructionand a
piecewise-constantfilter with nonuniformlyspacedtran-
sitions

Figure4: Modulatorsystem(a) is for implementation.Modulator
system(b) is for analysisanddesign.

where polyphasecomponentfilter
� � �'c # has period c � . For

integer-valuedfunction � �'c # then,� �'c *"� �'c # c � #�� ��\�4� � � �'c #Y� �(� �+�� � �<� s+��� �<�
where� � ��� �<� s+���'  � . If

� � g �t��¡�¡�¡ � � ��� � k , thiscanbewritten
simultaneouslyfor � �'c #(��¢� �'c # � ¡J¡�¡ � � ��� � �'c # asthematrix
equation£

¤¥ � �'c *�� � �'c # c � #
...� �'c *�� ����� �'c # c �J#

¦J§¨©�«ª �'c #Y¬ �'c #
£
¤¥ � �P �'c #

...� �P®!¯�° �'c #
¦J§¨ �

(1)



with matricesª �'c # , ¬ �'c # definedas

ª �'c #!�
£
¤¤¥ � �  � �t��P ¡�¡�¡ � �  � �t�� ®!¯�°

...
...� � ®!¯�° � �t��P ¡�¡�¡±� � ®!¯�° � �t�� ®!¯�°

¦ §§¨ �

¬ �'c #!�
£
¤¥ � �<� s+��� �P

.. . � �<� s+��� �P®!¯�°
¦J§¨²¡

If c is restrictedto Z�[7]^Z _P`Va+bJb �'c �³# zoned , say � 
 c �J� l � c ��� l�# , then
(1) relatestheTDL response

� �'c # on
� Z�[7]^Z _P`Va+b�b �'c ��# frequency-

axis segmentsto the frequency responseson d of the polyphase
componentfilters g � � �'c # i �²� � k . Matrix ¬ �'c # is unitary
and henceinvertible, so if ª �'c # is also invertible, then the

�
responsesof the polyphasecomponentfilters can be determined
from the

�
segmentresponsesof TDL filter

� �'c # . If ª is singu-
lar its rangespaceis of dimensionlessthan

�
, andsomeof those

TDL segmentresponsescanbedeterminedfrom theothers;inde-
pendentspecificationof

� �'c # on this family of segmentsis not
possible.Further, for any c theratioof the ´ s normof thevector
of segmentresponsesto the ´ s normof thevectorof polyphase-
componentresponsesis boundedbetweenthemaximumandmin-
imum singularvaluesof ª �'c # . If thesevaluesdiffer widely—
conditionnumber µ � ª?# , the ratio of the maximumto minimum
singularvalue,providesameasure—extremebehavior maybere-
quiredof thepolyphasecomponentfiltersin orderto effectmodest
equivalent-filterbehavior. Onespecialcaseresultingin all singular
valuesbeingidentical is uniform sampling: �J¶��¸·¹� � � c � # with�º¶ �'c #!�»·<*�¼ , for any fixed ¼B��� .

The analysis is similar for the piecewise-constant-impulse-
responseequivalentmodulatorfilter, exceptthat thematrix ¬ �'c #
must incorporatethe frequency responsesof the D/A hold func-
tionsof thevariouswidths.As aresult, ¬ �'c # becomessingularat
certainfrequenciesandsocannotbeignored.

Equation(1) is closely relatedto Eq. (11) of [4], which de-
scribestheconditionfor exact reconstructionof thesampledana-
log signal.Heretheidealreconstructionfiltershavebeenreplaced
by TDL filters,andtheidealcompositeresponseby anonuniform
TDL response,which is to be designed.Theanalysisabove does
not provide a filter-designmethod,but ratherguidestheselection
of samplingphases� � � ¡�¡�¡ � � � sothatFIR polyphasecomponent
filters of modestlengthswill suffice. If thepolyphasecomponent
filtersareFIR, thefrequency responsesof theequivalentfiltersare,
at any particularfrequency, linear in thefilter coefficients,so the
filterscanbedesignedwith linearprogramming[10], semidefinite
programming[11], or eigenfilter[12] andgeneralized-eigenfilter
methods[13], for example.

3. A SPECIAL CASE: SECOND-ORDER SAMPLING

Someinsight canbe gainedfrom analysisof second-ordersam-
pling, thesimplesttypeof nonuniformsampling.Without lossof
generality, we can assumethat �t���½n , � � �¾� , �B� �'c #,��n ,
and � � �'c #¿�À� �'c # for c in someZ\[7]^Z _P`Áa+b�b �'c ��# zone d . This

resultsin ª �'c #!�ÀÂ � ��Ã� �(� �t�,Ä with �¿�Å� �<� s+��� +� . Thecondi-

tion numberµ � ª!# is thena functionof offset � andinteger � �'c # ,
whichdefinestherelationshipbetweenthetwo spectralregions( d
and d � ) to bedesigned.Figure5 is aplot of theinversecondition
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Figure5: Inverseconditionnumberof the matrix ª vs. sampling
offset � andindex � for thecaseof second-ordersampling.White
indicatesavalueof 1.

numbervs. � (normalizedusing c � ) and � , with white indicat-
ing the idealcaseof unity andblackrepresentinga valueof zero
(meaningª is singular).Thus,light regionsrepresentgoodcom-
binationsof timeoffset � andrelative frequency offset � .

WecanuseFig.5 tovisualizesomepreviousbandpasssampling
theoryresults.Considerarealbandpasssignal Æ �'c # with support
in � 
 c o 
 c �³� l � 
 c o * c ��� l�# � �'c o 
 c ����l � c o * c �³� l # , choos-
ing d asthefirst termof theunion,andchoosing� �'c # suchthatd � is equalto thesecondterm. A valueof c � �º�fn<¡ Ç represents
uniform sampling,which is ideal for odd � but resultsin a sin-
gular ª for even � , correspondingto the integerandhalf-integer
band-positioncasesof [3]. For a bandpasssignalwith carrierfre-
quency c o acommonsamplingschemeisquadrature sampling [2],
definedby �È� sYÉYÊ �Ë � I . For c o �¸� c � � l , this correspondsto the
white peaksof thefigureandthusto a unity conditionnumberofª . When c o is not a half-integer multiple of c � the integer func-
tion � �'c # becomespiecewise constant,taking on the valuesof
thetwo integersnearestto l c o � c � . In this caseno valueof � can
makeµ � ª!#��f� for all c , andthequadraturesamplingchoicerep-
resentsa compromiseof sorts. This suggeststhat even with an
arbitrarysamplingoffset, a demodulatorcan achieve betterper-
formancewhenthe carrierfrequency andsamplingratearehalf-
integerrelated.An exampledesignwill helpto illustrate.

Considera second-orderbandpasssamplingsystemwith c o �� ¡ Ì c � , wheretheTDL filter will bedesignedto suppressfrequen-
ciesin the interval y^
$l�¡^� c � � 
m��¡ Í c �t{	Î�dÏ� � 
$l4¡7l c � � 
m��¡7l c ��#
andpassfrequenciesin y^� ¡ Í c � � l�¡^� c �t{2ÎÐd$�À� � ��¡7l c � � l4¡7l c ��#
where� �'c # is asshown in Fig. 6 alongwith apotentialinputsig-
nal spectrumÑ �'c # . The discontinuityin � �'c # causesa similar
discontinuityin the “ideal” frequency responsesof the two uni-
form TDL filters. (A similar result wasfound in [4] for analog
reconstructionfilters.) Althoughthegoalis not to directlyapprox-
imateeachof theidealresponseswith TDL filters(but ratherto di-
rectly design

� �'c # , thesingleequivalentresponse),it is expected
thatthisdiscontinuitywill degradeperformance.For comparison,
weconsidera similar systemwith c o �Ò� ¡ Ç c � � where � �'c #��fÍ ,
continuouson theinterval of interestdÓ� � 
$l c � � 
 c �J# . Choos-
ing ��������Ô c�o for both cases,linear programmingwasusedto
designthecompositeTDL responsesasthesumof two offset14-
tapFIR filters,with theoverall responseconstrainedto havelinear
phasefor simplicity. Thepeakstopbandlevel wassetto 
	Õ n dB
andthepassbandripplewasminimized.Thetoptwoplotsof Fig.7
show theresultingresponsesandpassbanddetails.Thesecondfil-
ter, correspondingto c o �©��¡7Ç c � (anda constant� �'c # ) hasless
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Figure6: Examplebandpasssignalspectrumandcorresponding
function � �'c # .
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Figure 7: Frequency responsesof the example nonuniformly-
spacedTDL filters.

passbandripple thanthetop filter.

Evenwhen � �'c # is constantontheinterval of interest,thecon-
dition numberof the matrix ª hasa strongeffect on the perfor-
manceof the nonuniformTDL filter. Consideragaina second-
orderbandpasssamplingsystemwith c o �À� ¡ Ç c � , but now with�¿�f�³�\Ô c o and �¿��n<¡ Í4� c � . In thefirstcase,theconditionnumber
is 1, but in thesecondcaseit is Ö�Õ . Thesecondandthird plots
of Fig. 7 show the two responses.Both the passbandripple and
the out-of-bandfilter responseare larger for the high-condition-
numbercase.Thisthirdresponseis in factworsethanthefirst case,

where � �'c # wasdiscontinuous,and µ � ª?#!�Ø× � ¡ l � �¸��Í� ¡ Í � �¸��Ô .

4. SUMMARY

The analysisof a certainclassof periodically nonuniformsam-
pling/reconstructionsystemswaspresentedasafilter designprob-
lem, wherea single equivalentTDL filter responsecontrolsthe
spectralshapingof thesampledfunction. Second-ordersampling
waschosenfor its simplicity to illustratetheconcepts.It wasseen
that even when arbitrary samplingoffsetsareallowed, the rela-
tionshipbetweenthesamplingrateandthespectrallocationof the
bandpasssignalcanlimit systemperformance.
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