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ABSTRACT

In independentcomponentanalysis(ICA), random-variableinde-
pendenceis oftenequatedwith factorizationof thejoint moments,
expectationsof productsof powers. This papershows that many
nonpower functionsareequallyuseful: if ��� ���	��
���	��
� factors
into ��� ���	��
����� ���	��
� for every � and � from an independence
class, thenrandomvariables� and � areindependent.Examples
of andsufficientconditionsfor independenceclassesarepresented
for boundedrandomvariables.

I. INTR ODUCTION

Formally, it is elementarythat if ����������������� areindependentran-
domvariables,thenfor any Borel functions ��������������� � ,�!� � � �	� � 
#"�$�$�$%"&� � �	� � 
��'(��� � � �	� � 
��")$�$�$*"+��� � � �	� � 
�,�

(1)
aslongaseither1 �.-/�	�0-1
3254 a.s.6/78':9�����������; or �!� ��-<�	�=-1
��>? �@6<7�'A9�����������; . Thereis anobviousconverse:If (1) holdsfor
all ; andfor all Borel functions �B������������� � , then �+���C����������� are
independent,becauseindicators 9�DFEB����������9�D�G , for any Borel setsH � ��������� H � , areBorel functions,and(1) becomeseitherof these
(thesecondusuallydefinesrandom-variableindependence):���I9�DFE��	� � 
J")$�$�$K"L9�D�GM�	� � 
�'N���O9 DFE �	�+�.
�P"�$�$�$K"&���O9 D GP�	�Q�*
�,�R � �+�TS H ����$�$�$��C�U�+S H �<�' R � � � S H � �V"L$�$�$*" R � � � S H � �,�
Thusfor independenceit is enoughthat(1) holdfor indicatorfunc-
tions,establishingonealternative to momentfactorization.Would
other families of functionsserve as well? For boundedrandom
variablesrelevantin ICA, thispapershowsthatsuchfamiliesexist,
establishessufficient identificationcriteria,andgivesexamples.

Thefootnotesarefor thereaderwhomightbemissingsomeof
therelevantmathematicalbackgroundandcanbesafelyignored.

II. SUFFICIENT CONDITIONS FOR INDEPENDENCE

Definition 1 For classW of randomvariablesona commonprob-
ability spaceand family X of real Borel functionson Y , X is
an independenceclassw.r.t. W if ��� ��� �	���.
J")$�$�$K"Z� �V�	�Q�*
�T'��� � � �	� � 
�P"L$�$�$*"&��� � � �	� � 
�[6�� � ����������� � SZX impliesthein-
dependenceof arbitrary � � ����������� � SZW .

Thiswork beganwhentheauthorwaswith TheBoeingCompany.
1Loève [1, Section16.2,p. 238], Billingsley [2, p. 284], or Chung[3,

Corollaryto Theorem3.3.3,p. 53].

SotheBorelfunctionsandtheindicatorfunctionsonBorelsetsare
both independenceclassesw.r.t. any family of randomvariables.
But the hugefirst classis trivial, andthe secondjust reflectsthe
definitionof independence,soneitheris of muchinterest.To find
moreinterestingindependenceclasses,wemustfind smallerones.

First, the randomvariablesof an infinite sequenceare inde-
pendentif thosein everyfinite subfamily are,2 which leadsto this:

Proposition2 Let X be an independenceclassw.r.t. W , and let� � �\� � �������KSZW . If �!� � � �	� � 
#"L$�$�$%"&� � �	� � 
�]'(��� � � �	� � 
��"$�$�$]")��� �^���	�U�%
� , 6F�B������������� �_S_X andfor every ;`'ba/�\c/������� ,
then � � ��� � ������� are independent.

A d -system,3 a family of subsetsof Y closedunderfinite intersec-
tion, thenprovidesfurther independenceclasses.Here e refersto
the Borel subsetsof Y , and egf)� denotesh H f��ji H Ske�l .
If d -systemm generatese , then mnf+� is4 a d -systemgeneratingeof=� . The �p'qY specialcaseof thisnext theorem:theindicator
functionsof a d -systemgeneratinge form anindependenceclass.

Theorem3 For class W of randomvariableson a commonprob-
ability space, let �rS:e be such that 6]�sSbW , �_SV� a.s. Ifd -systemt generates u -field e_f�� , thenthe family of indicator
functionshB9 vki�wpS�t�l is an independenceclassw.r.t. W .

PROOF: Let �+�������������Q� be randomvariableson a common
probability space,andinitially let d -systemt generateu -
field e . By definition,5 the independenceof � � ����������� �
is just the independenceof � �+�ZS H ���,����������� �U�NS H �<� ,6 H � ��������� H � S_e . Supposefor themomentthat �Qx[S_�
always. Then theseeventscan be written � � � S H � f�y�,��������� � �Q�+S H �ofU�0� , soindependencerequiresjust the
independenceof u -fields6 �_z �� ��e{f=�Z
.����������� z �� ��e{fy�|
 .
If t is a d -systemthat generatese`f�� , then � z �x �}tV
 is
a d -system7 that generates8 �Lz �x ��enfk��
 . Independentd -systemsgenerateindependentu -fields,9 so the indepen-
denceof classes� z �� �}tV
.���������C�_z �� �}tV
 is sufficient. This
simply requirestheseequivalentconditionsto hold:R � � � SZw � ���������\� � S&w � �' R � � � S�w � �P"L$�$�$%" R � � � SZw � ����O9 v*E��	� � 
J"�$�$�$K"L9�v%GP�	� � 
�'(���O9 v]EB�	� � 
�V"L$�$�$*"+�!�O9�v G �	� � 
�,�

2Chung[3, Section3.3,p. 50].
3Billingsley [2, p. 36]
4Billingsley [2, Thm10.1(ii), p. 156].
5Billingsley [2, p. 267].
6Billingsley [2, Thm10.1(i),p. 156].
7Billingsley [2, noteA7, p. 565].
8Billingsley [2, problem13.5(c),p. 187].
9Billingsley [2, Thm4.2,p. 50] or Loève [1, Thm16.1B,p. 237].
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for all w{�����������.w#�~S~t . This implies independenceof� � ����������� � , so h�9�v`i�wpS+t�l is anindependenceclass.
Now weakentherequirement� x S+� to � x S+� with

probabilityone,or � x S`�p�Z� x with
R � � x Sk� x ��'A4 .

Again theindependenceof � � ����������� � first reducesto the
independenceof events � �+�TS H �C�,����������� �Q�|S H �/� , orRN� � z �� � H � 
Ff�������f�� z �� � H � 
C�' RN� �_z �� � H ��
C�8"������K" R(� � z �� � H �*
C��� (2)

for arbitrary
H � ��������� H � Sge . In thedevelopmentabove,

each
H x couldat this point bereplacedwith theequivalent

event
H x f+� , but heretheseeventsmaynot beequivalent.

Considertheleft sidefirst. For brevity, let �:�'(� z �� � H ��
�f����� f!� z �� � H � 
 . Then,since � � S|�(�+� � ,R � � z �� � H � 
Vf+� �' R�� �_z �� � H � f)�	�n�|� � 
�
Ff|�[�' R�� �	� z �� � H � f+��
Ff&�{
F�)�	� z �� � H � f+� � 
Ff|�[
C�� R�� � z �� � H �Pf��Q
�f&�[�3� R�� � z �� � H �Pf+�U�.
Vf+�[�� R�� �_z �� � H �Pf��Q
�f&�[�3� R�� �_z �� �,���.
C�' R�� � z �� � H � f��Q
�f&�[���
In thischain10 thelastcertainlycannotexceedthefirst,11 so
wehave squeezedtogetherthe �~'(4 and �~':9 formsofR����5��x�� � � z �x � H x]f!�U
 �Lf � ��x�� �J� � � z �x � H x�
 �J�k�
A similar argument12 beginswith the ��'�9 form andes-
tablishesequalitywith the �~'Na form. Continuing,R(� � z �� � H � 
VfZ����� f!� z �� � H � 
C�' R � � z �� � H �Pf���
Vf������ f��_z �� � H �yf��Q
 � �
Specializingwith

H - '5Y for 7Z�'n� yields
RN� � z �x � H x
C�['R(� �_z �x � H x f��Q
C� , so(2) becomesR(� � z �� � H ��f!�U
Ff�������f�� z �� � H �yf!�Q
C�' R � � z �� � H � f���
 � "������K" R � � z �� � H � f��Q
 � �

That this hold for arbitrary
H � ��������� H � S`e is just thes-

tatementthat u -fields � z �� ��e)f+�Q
.����������� z �� ��e�f+��
 are
independent.Therestof theproofproceedsasbefore. �

Many d -systemsgeneratetheBorels,including13 theopensets,
the closedsets,and the intervals (including the empty interval)
of any one of eight forms, �	�]�C��
 , � �]����
 , �	���@�.� , � �]���.� , �C� ? ����
 ,�C� ? ���.� , �	�]� ? � , and � �]� ? 
 , whoseendpointscan be restrict-
ed to a setdensein Y , like the rationals. The � -adic intervals14h/���,�o�L9 
@�^z � ���<�^z � ��iB;M�\��S|�ol with thenull setadjoinedyields
a d -systemgeneratingthe Borels15 for any integer �)� a . The-
orem3 on h��C� ? �C¡%�#i]¡`S_YJl is this: a finite family of random
variablesareindependentif theirjoint distributionfunctionfactors.

10Themeasure’s subadditivity andmonotonicityyield theinequalities.
11Becauseof themonotonicityof themeasure.
12Distinguishing“2” now andredefining¢ astheundistinguishedpart.
13Chung[3, p.28], Loève[1, p.104],Billingsley [2, p.156],andFolland

[4, Prop.1.2,p. 21].
14Billingsley [2, p. 4].
15£<¤q¥k¦#§@¨�©.¤ �]ª)«b¬pF®8¯ G° G�± ¤ . Then ²o³� �F´Vµ ¯ G¶ � z ³!··�¸!¹º.»,¼ z � § ¸ ¼ z �/½<¾ ·�¹�¿ §�¤ ½ .

Approximatingindicator functionswith convergent function
sequencesleadsto even smallerindependenceclasses.Notation�ÁÀNÂ meansrandomvariable� hasdistribution function Â :

Lemma 4 Let Ã bean independenceclassw.r.t. W , andlet X be
a familyof realBorel functionson Y . Supposethat 6%��S|Ã3�@6*��SW , there is a sequenceh�� ¶ l8Ä`X such that � ¶0Å � a.e. Â as � Å? andsuch that Æ � ¶ Æ �qÇ

a.e. Â for some
Ç > ? (independent

of � ), where �ÁÀNÂ . ThenX is an independenceclassw.r.t. � .

PROOF: With W , Ã , and X asabove and 6�ÈF������������È*�+S�X ,��� È � �	� � 
J")$�$�$K"&È � �	� � 
�'(��� È � �	� � 
�V"L$�$�$K"&��� È � �	� � 
�� (3)

Fix �+�������������Q�ÉSÊW and �<�����������@�B�NSpÃ . Then 6<7`'9�����������; , thereis a sequenceh�� - � ��� -�� �������Ol8Ä5X suchthat� - ¶NÅ ��- a.e. Â]- as � Å ? and Æ � - ¶ Æ �jÇ -É> ?
a.e. Â]- , where �=-|À Â]- . Since Æ � - ¶ �	�=-1
�ÆFË�Ì ÍÌ�ÎÇ -�> ?
and � - ¶ �	�0-1
 Ë�Ì ÍÌÅ ��-/�	�=-1
 , it follows that �!� � - ¶ �	�=-1
� Å��� ��-��	�0-�
� by thedominatedconvergencetheorem16 (DCT).
Also Æ ��� � - �	� - 
�Æ � �!Æ � - �	� - 
�Æ%> ? , wherethelatter in-
equalityis guaranteedby theDCT. Therefore,��� � � ¶ �	�+�.
�V"L$�$�$%"|�!� � � ¶ �	�Q�*
�Å �!� �<� �	�+��
��")$�$�$%"|�!� �1�F�	�Q�*
� (4)

as � Å ? , becausetheproducton the left mustconverge
to theproductof thefinite limits of its factors.17

Similarly, theboundsonthefunctionsgive Æ � � ¶ �	� � 
1"$�$�$]"Z� � ¶ �	� � 
�Æ Ë�Ì Í�Ì�ÏÇ � "_$�$�$*" Ç � > ? . Sincethe � - ¶
areboundeda.e.Â]- , soarethe ��- , andtherefore� � ¶ �	����
F"$�$�$P"Ð� � ¶ �	�U�*
 Ë�Ì ÍÌÅ �K���	�+�.
="5$�$�$�"L�1�F�	�Q�*
 . The DCT
thenimplies that �!� � � ¶ �	� � 
#")$�$�$%"&� � ¶ �	� � 
� converges
to ��� � � �	� � 
J")$�$�$*"�� � �	� � 
� . Thesequenceshereandin
(4) areequalby (3), so their limits arealsoequal. Func-
tions � � ���������C� � SkÃ werearbitrary, and Ã is an indepen-
denceclassw.r.t. W , so �������������C�U� areindependent.ThenX is an independenceclasswith respectto W because(3)
impliesindependencefor arbitrary � � ���������\� � S&W . �

If boundedfunctionsconvergeto theindicatorsa.e.with respectto
theprobabilitydistributions,thenTheorem3 andLemma4 apply.
The complex-valuedcontinuousfunctionswith compactsupport
on � aredenotedw3Ñ^�	��
 in this corollary18 to Lusin’s theorem:19

Corollary 5 (Lusin) Supposethat Ò is a Radonmeasure20 on a
locally compactHausdorff space� andthat � is a complex mea-
surablefunctionon � with Æ �FÆ � 9 and Ò��h�¡Zi����	¡�
{�'(4Bl�
#> ? .
Thenthere is a sequenceh^� ¶ l with � ¶ SÉw Ñ �	��
 and Æ � ¶ Æ � 9
such that � ¶ Å � a.e. Ò .

Doesthecorollaryapply? Space� hereis just Y undertheusu-
al topology, which makesit a locally compactHausdorff space.21

16Billingsley [2, Thm5.3,page72,or Theorem16.4,page213],Chung
[3, (viii), page42], or Rudin[5, Thm1.34,p. 26].

17Rudin[6, Thm 3.3(c),p. 49].
18Rudin[5, p. 56].
19Rudin[5, Thm 2.24,p. 55] or Folland[4, Thm7.10,p. 211].
20Folland[4, p. 205].
21Every metricspaceis Hausdorff [5, p. 36], andthereal line is locally

compactby theHeine-Boreltheorem[6, Thm2.41,p. 40].

2



MeasureÒ is theLebesgue-Stieltjesprobabilitydistribution (mea-
sure)corresponding22 to Â , the distribution function of random
variable � . Since Ò is regular23 and finite, it is Radon.24 The
corollary’s function � hereis suitablyboundedindicator 9 v . SinceÒ is finite, the supportof � is trivially finite. So the corollary’s
conditionsaresatisfiedandtheLemma4 sequencesexist. Thereal
partsof thecorollary’s complex functionsinherit thelatter’sprop-
erties,so thecorollaryensuresa real functionsequencefor a real
limit function.FromTheorem3, Lemma4, andCorollary5 then:

Theorem6 Theclassof real functionsin w Ñ ��Y#
 formsan inde-
pendenceclassw.r.t. anyfamily of randomvariables.

ThecelebratedStone-WeierstrassTheoremwill furthernarrow
the function class. Someterminologyis needed.The real linear
spaceof real-valuedcontinuousfunctionson compactHausdorff
space� is denotedby wQ�	�&�@Y#
 , andany subspaceÓ closedun-
derpointwisemultiplicationis asubalgebra of wQ�	�&�@Y#
 . A subsetÔ

of wQ�	�&�CY#
 separatespointsif for every ¡���Õ|SZ� with ¡`�'NÕ ,
some�ÐS Ô

has ���	¡�
Q�'b���	Õ%
 . This straightforwardcorollaryof
the Stone-WeierstrassTheorem25 generalizesthe famousWeier-
strassApproximationTheorem26 andis all thatis neededhere:

Corollary 7 (Stone-Weierstrass)Let � be a compactHausdorff
space. If Ó is a subalgebra of wQ�	�&�CY#
 that containstheconstant
functionsandseparatespoints,thenfor every �!SZwQ�	�&�@Y#
 , there
is a sequenceof functionsh�� ¶ l in Ó such that � ¶�Å � uniformly
as � Å ? .

With Lemma4 andTheorem6 thiscorollarygivesthefollow-
ing key theorem,in which Ó�Æ Ö indicatesthe family h^�PÆ Ö~iV�kSÓQl of therestrictionsto ×�ÄÐY of thefunctionsin Ó .

Theorem8 Let W bea classof randomvariablesuniformlybound-
ed a.s. on a commonprobability space. Let Ó be a family of
real Borel functionson Y with Ó�Æ Ö a subalgebra of wQ�,×&�CY#

thatcontainstheconstantfunctionsandseparatespointsandwith×ØÄ`Y a compactneighborhood27of zero. Thenthere is a positiveÙ such that 6]�ÚSÛW , Ù �ÚSÊ× a.s. Further, for any such Ù ,h��&i/���	¡]
Ü'(È�� Ù ¡�
.�\È|S&ÓQl is an independenceclassw.r.t. W .

PROOF: Let Ó , × , and W be asabove with �)2Ý4 suchthat6*�ÞSZW , Æ �ÐÆ � � a.s.Neighborhood× of zerocontains28

a closedinterval �O�T�]����� for some �q2 4 . Fix Ù 'Á�Kß^� ;
then Æ Ù �ÐÆ1' à° Æ �gÆ Ë�Ì ÍÌ>Ý� , so Ù � Ë�Ì ÍÌSÝ�O�T���C�/�FÄ5× .

Thesecondconclusionof thetheoremisbasedonLem-
ma 4. Consider�áS:W with �âÀÞÂ anda real-valued�)S5w3Ñ ��Y#
 . Define �/ã#S5wQ�,×&�@Y#
 by �/ã�	¡�
['Û��� ¯ä 
 . By
Corollary7, thereis a sequenceh È ¶ l in Ó with È ¶ Å � ã
uniformly on × . Let Borel function � ¶ on Y be suchthat� ¶ �	¡]
8' È ¶ � Ù ¡�
 for ¡nS5Y . Then � ¶ �	¡]
8' È ¶ � Ù ¡�
 Å� ã � Ù ¡]
#'����	¡�
 uniformly on h�¡Li Ù ¡)S_×)l . But Ù � Ë�Ì ÍÌS× , so � ¶ �	��
 Ë�Ì ÍÌÅ ���	��
 , and � ¶0Å � uniformly a.e.Â .

22Folland[4, Thm1.16,p. 34].
23Folland[4, Thm1.18,p. 35].
24Folland[4, p. 205].
25Folland[4, Thm4.45,p. 133].
26Folland[4, Thm4.50,p. 135].
27Folland[4, p. 108].
28Since å is neighborhoodof æ , ¨ open ç:«5å with æ ¥ ç . On the

real line, opensetsareunionsof disjoint openintervals, so ¨�è�§é�ê æQV®æ ¥ · è�§é » «Lçq«Lå . Take ë ¾ ���ì0íOî ©�è�§@é ª .

Also requiredis a uniform boundon the h�� ¶ l a.e. Â .
EachÈ ¶ is continuousoncompactset × andso29 is bound-
ed on × , and � ¶ is boundedon h ¡ïi Ù ¡ïSÁ×)l . ButÙ �ðSk× a.s.,so for some

Ç ¶ > ? , � ¶ �	��
 �bÇ ¶ a.s.,
so � ¶ is essentiallybounded30 w.r.t. Â . Thefamily of such
functionsis a Banachspace31 with theessential-supremum
norm ñJ$<ñ ³ . But �ZSÐwQ�,×&�@Y#
 implies32 ñ\�Fñ ³ > ? , so� ¶ Å � uniformly a.e. Â yields convergencein the norm
trivially, andthe boundednessof the normsfollows.33 So
for some

Ç > ? , ñ�� ¶ ñ ³ �nÇ
andhenceÆ � ¶ Æ �NÇ

a.e.Â . Thetheoremfollows from Lemma4. �
In this theorem,the functionsin Ó arehorizontallyscaledto

form an independenceclass. If a horizontalshift is permittedas
well, then × neednotcontaina neighborhoodof zero.

The following lemmawill permit “the linear spanof Ó�Æ Ö ”
to replace“ Ó�Æ Ö ” in Theorem8, greatlyreducingthe sizeof the
independenceclasses.This lemmais alsousefulwith Theorem3.

Lemma 9 If the linear spanof X is an independenceclasswith
respectto W , thensois X .

PROOF: Fix finite family òÉÄqW andwrite òn'�h �+� ���������\�U�%l
for convenience. Let Ã�ó be the classof Borel functions
with ��� � � �	� � 
J"�$�$�$K"+� � �	� � 
�y'j��� � � �	� � 
�J"n$�$�$M"��� �B���	�U�%
� for all �<�����������C�B�NSÊÃ ó . Then Ã ó is closed
underscalarmultiplication,because��� ô�� � �	� � 
#"L$�$�$*"!� � �	� � 
�'N��� ô.� � �	� � 
�V"&��� � � �	� � 
�V"L$�$�$*"+�!� � � �	� � 
���
Also, ÃFó is closedunderaddition,becauseÈV�C� � ���������@� � SÃ�ó implies���I�,È��	� � 
F�Ð� � �	� � 
�
J"!� � �	� � 
#")$�$�$%"�� � �	� � 
�'(�!� È��	����
V�_�<� �	�+��
�"|��� � � �	� � 
�P"�$�$�$%"|��� � � �	� � 
�1�
So Ã ó is closedunderlinearcombination.

Now supposethat the linearspanof X is an indepen-
denceclasswith respectto W . But XõÄ5ÃFó�ö spanh�X!l8ÄÃ ó ö themembersof ò areindependent.But ò:ÄqW was
arbitrary, so X is anindependenceclassw.r.t. W . �

Theorem10 LetclassW of randomvariablesbeuniformlybound-
eda.s.on a commonprobability space. Let Ó bea family of real
Borel functionson Y for which the linear spanof Ó�Æ Ö includes
a subalgebra of wQ�,×Z�CY#
 that containstheconstantfunctionsand
separatespoints,where ×÷ÄÊY is a compactneighborhood34 of
zero. Thenthere is a positive Ù such that 6*�áSpW , Ù �øSp×
a.s. Further, for anysuch Ù , h��`iV���	¡�
o'bÈ�� Ù ¡�
.�\ÈÐS`ÓQl is an
independenceclassw.r.t. W .

This is just Theorem8 modified by Lemma9, and a corollary
yieldstheobviousindependenceclassesof continuousfunctions:

29Rudin[6, Thm 4.15,p. 89].
30Rudin[5, p. 66].
31Rudin[5, Thm 3.11,p. 67].
32Rudin[6, Thm 4.15,p. 89].
33Rudin[6, Thm 3.2(c),p. 48].
34Folland[4, p. 108].
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No. independenceclassÓ spanof Ó
1 h�91�\¡V�C¡ � ������� l polynomialsin ¡
2 Chebychev polynomialsin ¡ polynomialsin ¡
3 h ù z � ¯ i1;Z'(4<��9�������� l polynomialsin ù z ¯
4 h�9��\ú�û1ü%¡���ü�ýIþT¡��Cú�û�ü�a^¡V��ü�ýIþoa ¡��������Il trig polynomialsin ¡
5 h^ù x � ¯ i1;&'N4/��91�������Il polynomialsin ù x ¯
6 h�9��.���	¡�
.�\� � �	¡�
.������� l ( � monotonic) polynomialsin ���	¡�


TableI: Examplesof Theorem10 independenceclasses.

Corollary 11 On a commonprobability spacelet W be a class
of randomvariableswith range a.s.containedin closedinterval�
. Let Ó bea family of real, continuousfunctionson

�
that sep-

aratespoints. Thenthe (algebraic) closure of Ó underpointwise
multiplication,whentheunit constantfunction 9 is adjoined,is an
independenceclassw.r.t. W .

Thefamily Ó in Corollary11 might contain,in thesimplestcase,
a singlestrictly monotonic,continuousfunction!

Theorem3 modifiedbyLemma9 becomesTheorem12,which
with Theorem10andCorollary11 is thepaper’s primaryresult:

Theorem12 Let W bea classof randomvariableson a common

probabilityspace, andlet �AS+e besuch that 6*�ÞS�W , � Ë�Ì ÍÌS�� .
If d -systemt generates e`f�� and if indicator functions hB9 v iw:S|t�l are includedin thelinear spanof family X of real-valued
Borel functionson Y , then X is an independenceclassw.r.t. W .

III. EXAMPLES

Classesof indicatorfunctionsmeetingtheTheorem12criteriaare
easilyfound for boundedrandomvariables.Thedyadicintervalsmÿ'Þh��,�%a z � ���,���p9 
�a z � �0iM;M���qSN�ol , for example,area d -
systemthatgeneratestheBorels,so taking � to besomeinterval�C�{a��0��a��J� so that t5'Am:f�� comprisesthosedyadicintervals
containedin � makes the indicator funtionsof the setsin t an
independenceclass. Further, thesefunctionsare in the spanof
anindependenceclassof square-wave basisfunctionsrelated35 to
Walshfunctions.36 They cantake valuesin h � 9 l or h 4<��9^l (as 9��
is alreadyin the basis). An independenceclasscanbe similarly
constructedfrom any integer-coefficientbasis� � ��� � ������� for Y � .

Table I lists somecontinuous-functionclassesthat meetthe
Theorem10requirements;for any givenfamilyof uniformlybound-
edrandomvariables,eachis within horizontalscalingof aninde-
pendenceclass. The first examplesays,for example,that inde-
pendenceof boundedrandomvariables� and � is equivalentto
decorrelationof all (nonnegative) integral powers � � and � � .
Thesecondexampleremindsusthattherearemany generatorsof
thepolynomials.Replacing; by a generalreal � in the third ex-
amplegivesa family of functionsonany compactsubsetof Y that
canbe usedto prove the uniquenessof the Laplacetransformor
moment-generatingfunction.37 Hereit saysthata separable(fac-
torable)vector moment-generatingfunction (on negative integer
arguments)impliescomponentindependencefor asuitablybound-
ed randomvector. Changing“real Borel functions” to “complex
Borel functions” in Definition 1 makesexample4 andexample5
equivalent,becauseexpectationfactorsfor bothclassesif it factors
for either. Example5 is relatedto aproofof characteristic-function

35Horizontallyshift andscaleleft-continuousWalshfunctions.
36deCoulon[7, p. 68].
37Chung[3, Thm6.6.2,p. 189].

uniqueness,38 andit tellsusthatif thevectorcharacteristicfunction
(onpositive integerarguments)is separablefor asuitablybounded
randomvector, thenits elementsareindependent.Examples1, 3,
and5 suggestexample6, in which any � for which Ó separates
pointswill do, asthis implies that � mustbe strictly monotonic.
Examples1 and3 arespecialcasesof example6, and the inde-
pendenceclassesin examples1, 3, 5, and6 caneachbedescribed
usinga singlegenerator, asin Corollary11. Example4 is covered
by Corollary11 also,but it requiresboth ú�û�ü%¡ and ü�ý þ[¡ asgen-
eratorsin order to separatepoints in �O�Td��Cd_�	�C� . Example2 is
not coveredby thecorollary, becausetheChebychev polynomials
arenot theclosureundermultiplicationof a smallerset.They are
not even closedundermultiplication. But the linear spanof the
Chebychev polynomialsequalsthatof the class Ó of example1,
whichis asubalgebraof therequisitesortspecifiedin Theorem10.

IV. SUMMAR Y

If expectationdistributesover productsof functionsof random
variablesfor all functionsin an independenceclass(w.r.t. an ap-
propriateclassof randomvariables),then the randomvariables
are independent.When the functionsarepowers, this saysonly
that factorablehigher-order joint momentsimply independence.
But higher-ordermomentsthemselvesarenotdistinguishedin any
way. For boundedrandomvariables,this paperoffers small in-
dependenceclassesand thus a variety of alternatives to higher-
order-momentsfor establishingindependencevia expectationfac-
torization.Necessaryconditionsfor anindependenceclassremain
undiscovered,but sufficientconditionshereyield interestingclass-
esof indicatorfunctionsandof continuousfunctions.
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