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ABSTRACT

It has been shown that second-order cone programming (SOCP)
can be used to efficiently optimize FIR filter frequency responses
in the sense of L1, L2, and L∞. Although SOCP cannot be used
for the more general case of Lp minimization, several techniques
for combining norms provide the flexibility to minimize a contin-
uum of norms from L1 to L∞. Burdakov’s vector ε-norm is here
extended to complex functions on an interval of the real line, and is
compared with a simple convex combination of norms. The dual
norms of both are found as well. Discretized approximations of
these norms can be used for filter design with SOCP, as shown in
the examples.

1. INTRODUCTION

Thanks to ever expanding computational resources, numerical op-
timization is the approach of choice for digital filter design. For
large FIR filters especially, whenever possible we desire a convex
problem formulation, as this guarantees a single global solution
if a solution exists. Even better is to convert the problem into
one of several standard convex program classes, so that modern
high-efficiency interior-point solvers can be used. One such class
is second-order cone programming (SOCP). A superset of linear-
programming, SOCP allows both linear and convex quadratic con-
straints. Even though SOCP is very structured (and thus efficient)
it is actually quite flexible, and a wide array of functional con-
straints can be formed by combining basic SOC constraints. Ex-
amples include constraining the L∞, L2, and L1 norms of error
functions that are affine in the underlying optimization variables.

Methods abound in the literature for combining L∞ (minimax,
Chebychev) and L2 (least-squares) optimization methods for fil-
ter design. The classic constrained optimization approach is to
constrain one error measure while minimizing the other. Peak
Constrained Least Squares (PCLS) [1] is one such approach. An
equivalent unconstrained method is to minimize a combined norm,
formed as the convex combination of the L∞ and L2 norms [2]. A
different combined norm, the ε-norm, was proposed in [3] and is
extended here. All of these techniques seek to continuously bridge
the gap between L∞ and L2 without using the general Lp family
of norms and losing the efficient structures that exist for solving
L∞ and L2 problems. This paper will consider not just combi-
nations of L2 and L∞, but show that their dual norms are also
combinations involving L1 and L2 norms. While the traditional
approach for mixed L2/L∞ optimization has been to implement
custom algorithms, here we show how all the combined norms can
be constrained using SOCP, taking advantage of both the flexibility
of the method and the efficiency of the existing solvers [4, 5].

This work was supported by the Office of Naval Research.

The basic problem formulation used in the sequel is to min-
imize some norm ‖E‖ of a weighted frequency response error
E(f ;x) = W (f)[G(f ;x) − D(f)], where W is a real, nonneg-
ative weighting function, G(f ; x) is the frequency response of the
filter being designed, and D(f) is the desired frequency response.
Both E and G are possibly complex-valued functions of the real
optimization variables x. The focus here is on FIR filters, where x

represents the real and imaginary parts of the filter coefficients, G
is an affine function of x, and G is periodic in f with period one:

G(f ; x) =
�
n

(x2n + jx2n+1)e
−j2πfn.

By definition FIR (and stable IIR) frequency responses have
bounded magnitudes and are in the class of functions L∞[0, 1],
which implies that they belong to Lp[0, 1] for any p ≥ 1. This
largely removes the need to consider pathological functions in the
following analysis.

2. SECOND-ORDER CONE PROGRAMMING

A powerful special case of convex optimization is second-order
cone programming, or SOCP [6]. SOCP allows the minimiza-
tion of a linear objective, subject to second-order cone (SOC) con-
straints, which encompass linear and convex quadratic constraints.
One standard formulation of a SOCP is

min. f
T
x

s.t. ‖Akx + bk‖ ≤ c
T
k x + dk, k = 1, . . . , K.

An alternate notation for a SOC constraint is

‖Ax + b‖2 ≤ (cT
x + d)2

0 ≤ c
T
x + d

where the nonnegativity condition, while necessary for convex-
ity, is often not explicitly given. Deceptively simple yet powerful,
SOCP can be used to constrain l1, l2, and l∞ norms of linear error
vectors, as well as to approximately (via discretization) constrain
L1, L2, and L∞ norms of linear error functions [6, 7]. Exact L2

formulations also exist [8]. Any constraint can also be used as the
objective via an auxiliary variable. The following sections briefly
review how SOCP can be used to constrain the various norms of
a function E : [0, 1] × � N → � that is affine in the optimization
variables, the dependence on which is hereafter implicit.

2.1 L∞-Norm Constraints

For a general function the L∞ or Chebychev norm is defined as

‖E‖∞ � ess sup
f

|E(f)|.
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Since the functions of interest (FIR transfer functions) are contin-
uous, this reduces to

‖E‖∞ � max
f

|E(f)|.

For a function E that is affine in the optimization variables, the
L∞-norm can be (approximately) constrained using SOCP by dis-
cretizing the interval [0, 1]. Letting {f0, f1, . . . , fK} be a set of
points in [0, 1] (choosing fk = k/K is common), the set of SOC
constraints

|E(fk)| ≤ δ, k = 0, . . . , K

bounds the maximum value of |E(fk)| on the grid by δ, which can
be a constant or an auxiliary optimization variable. The spacing
∆f between the frequency points is chosen so that deviation be-
tween the points is negligible. For an FIR filter of length N a good
rule of thumb is ∆f ≈ 1/(20N).

2.2 L2-Norm Constraints

In contrast to the L∞ norm, which requires one constraint per
discrete frequency, the L2 norm requires only a single SOC con-
straint. The L2 norm is defined as

‖E‖2 ����� 1

0

|E(f)|2 df � 1

2

.

Since E was assumed affine in the optimization variables x, this
expression can be written as a positive semidefinite quadratic form
in x, and thus as a SOC. The integral can be calculated in any
number of ways, perhaps the simplest being a Riemann sum over
a uniform partition {fk} of [0, 1]. The resulting SOC constraint
can be written �

k

|E(fk)|2∆f ≤ δ2,

where δ is a nonnegative constant or auxiliary variable. A some-
what smaller value, ∆f ≈ 1/(40N), is required for negligible
deviation from the true integral.

2.3 L1-Norm Constraints

The L1 norm is the trickiest of the norms to constrain using SOCP
as well as the least common by far. The L1 norm is defined as

‖E‖1 � � 1

0

|E(f)| df.

Again a uniform partition {fk} of [0, 1] is chosen, but now the
auxiliary optimization variables {βk} are introduced as well. The
following set of constraints then approximates the integral:

|E(fk)| ≤ βk, k = 0, . . . , K�
k

βk∆f ≤ δ.

It is straightforward to see that at optimality all the constraints are
met with equality, and so the second line represents the desired
Riemann sum. Although this method introduces many new vari-
ables as well as constraints, the resulting problem is quite sparse
and can be efficiently handled by most available solvers. A yet-
smaller ∆f ≈ 1/(60N) is required.

3. COMBINED NORMS

So what if we want to constrain a norm other than those listed in
the last section? The general Lp norm, for example, is defined as

‖E‖p � ��� 1

0

|E(f)|p df � 1

p

, p ≥ 1,

and provides a continuum of norms. Although SOCP can handle
only p = {1, 2,∞}, there are two related methods that can be
used to combine two norms to form a new norm. A single pa-
rameter allows the combined norm to provide a family similar to
(but distinct from) the Lp norm. Starting with the most common
method for combining the L2 and L∞ norms, this section then in-
troduces an extension to Burdakov’s ε-norm [3], and shows how
the combined norms and their dual norms are related.

3.1 Convex Norm Combinations - The α-Norm

The most straightforward way to combine the L2 and L∞ norms
is through a simple convex combination. Letting α ∈ [0, 1], the
α-norm is defined here as

‖E‖α � α‖E‖2 + (1 − α)‖E‖∞ (1)

This is essentially equivalent to the norm introduced in [2]. It is
straightforward to verify the properties of a norm for the α-norm,
as they all follow from the properties of the L2 and L∞ norms. As
noted in [2], the unconstrained minimization

min
x

‖E‖α (2)

and the constrained minimization

min
x

‖E‖2

s.t. ‖E‖∞ ≤ δ
(3)

have the same solution space and are thus functionally equivalent.
An advantage of the unconstrained approach is that a solution is
always obtained, as without constraints there can be no infeasible
region. The constrained approach, on the other hand, allows the
peak error to be explicitly fixed to meet given specifications. In any
practical design there will be many iterations, and so the choice is
really between iterating α and iterating the peak-error bound δ.
Using SOCP allows either approach.

Some properties of the α-norm can be derived from the defi-
nition and the properties of the Lp norms. Clearly L2 and L∞

result as special cases of the α-norm with α = 1, 0 respec-
tively. The norm is monotonically nonincreasing in α, that is
‖E‖α1

≤ ‖E‖α2
for α1 ≥ α2, and is bounded by its compo-

nent norms: ‖E‖2 ≤ ‖E‖α ≤ ‖E‖∞. Both these follow from the
general Lp[0, 1] relation ‖E‖p ≤ ‖E‖q for p ≤ q.

3.2 The ε-Norm

The ε-norm defined in [3] is actually a family of finite, real vector
norms parameterized on ε ∈ [0, 1], with l∞ and l2 as special cases
when ε = 0 and ε = 1. The extension to complex-valued functions
on an interval is straightforward and will be summarized following
the framework of [3]. The ε-norm (and its dual) is of interest as
it more closely approximates the Lp family of norms than does a
simple convex combination of L2 and L∞ norms, yet the ε-norm
can be efficiently optimized using SOCP (unlike Lp).
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For a function E : [0, 1] → � , we define the ε-norm of E,
denoted ‖E‖ε, as the solution ν∗(E) of

h(ν, E) ����
�
|E| − (1 − ε)ν �

+ �� 2 − εν = 0. (4)

Clearly, for ε = 1 we have ν∗(E) = ‖E‖2. For ε = 0 the solution
is not unique, and the minimum solution ν∗(E) = ‖E‖∞ is cho-
sen for convenience. (It can also be shown that v∗(E) → ‖E‖∞
for ε → 0+.) For the general case ε ∈ (0, 1), we must show
that ν∗(E) is unique and possesses the properties of a norm. To
show uniqueness, first note that h(ν, E) is a continuous, monoton-
ically decreasing function of ν. For any ν > ‖E‖∞/(1 − ε), we
see that h(ν, E) = −εν < 0, and since h(0, E) = ‖E‖2 ≥ 0

as well, there must exist a unique solution ‖E‖ε � v∗(E).
The positivity of v∗(E) was guaranteed by definition. Positive
definiteness (in the sense of Lp) follows directly from (4) and
the positive definiteness of the L2 norm. Homogeneity follows
from the relation h(|α|ν, αE) = |α|h(ν, E), which implies that
h(|α|ν∗(E), αE) = 0 and ν∗(αE) = |α|ν∗(E). It remains
to show the triangle inequality, for which we use the fact that
[A + B]+ ≤ [B]+ + [B]+ (in a pointwise sense):

h(ν∗(E) + ν∗(F ), E + F ) + ε(ν∗(E) + ν∗(F ))

= ��
�
|E + F | − (1 − ε)(ν∗(E) + ν∗(F )) �

+ �� 2
≤ ��
�
|E| − (1 − ε)ν∗(E) �

+ �� 2 + ��
�
|F | − (1 − ε)ν∗(F ) �

+ �� 2
= h(ν∗(E), E) + h(ν∗(F ), F ) + ε(ν∗(E) + ν∗(F ))

= ε(ν∗(E) + ν∗(F )).

Thus, h(ν∗(E)+ν∗(F ), E +F ) ≤ 0, and from the monotonicity
of h(ν, E + F ) in ν we have ν∗(E + F ) ≤ ν∗(E) + ν∗(F ) as
desired. The ε-norm shares the monotonicity properties of the α-
norm and the Lp norms: ‖E‖2 ≤ ‖E‖ε1 ≤ ‖E‖ε2 ≤ ‖E‖∞ for
ε1 ≥ ε2. This follows from the monotonicity of (4) in ε.

The ε-norm has a convenient geometric interpretation, which
ultimately leads to a SOCP solution. The norm induces a unique
decomposition E = Eε + E1−ε, where ‖Eε‖2 = ε‖E‖ε and
‖E1−ε‖∞ = (1−ε)‖E‖ε . This can be seen by considering Fig. 1,
the plot of a representative function |E|. The dashed line repre-
sents the value of (1 − ε)ν in (4). The portion of |E| below the
line is a flat-topped function with L∞ norm (1 − e)ν, while the
portion above the line is the function inside the L2 norm in (4).
When ν = ‖E‖ε the value of the L2 norm is ε‖E‖ε, the function
above the line is |Eε|, and the function below the line is |E1−ε|.
Both Eε and E1−ε have the same phase as E. This decomposition
leads to the following characterization of the unit ball

{E : ‖E‖ε ≤ ν} = {U + V : ‖U‖2 ≤ εν, ‖V ‖∞ ≤ (1 − ε)ν}
(5)

of the ε-norm as the convex combination of the unit balls of the L2

and L∞ norms. This leads to the following set of constraints that
together effectively bound ‖E‖ε by ν:

‖U‖2 ≤ εν

‖E − U‖∞ ≤ (1 − ε)ν

where the individual norm constraints can be implemented using
SOCP as previously discussed, and U represents an auxiliary func-
tion implemented as a set of complex optimization variables on the
discretized set of frequencies.

(1 − ε)ν

|E(f)|

|E1−ε(f)|

0 1 f

|Eε(f)|

Figure 1: Graphical representation of the ε-decomposition.

3.3 The Dual Norms of the α- and ε-Norms

So far we have only considered combined norms that span from
L2 to L∞. But, just as Lp for p ≥ 2 has as its dual norm Lq with
q = p/(p − 1) ≤ 2, the two different combined L∞/L2 norms
have dual norms involving L1 and L2. The ε-norm dual is

‖F‖D
ε = max

‖E‖ε≤1
(F, E)

= max
‖U‖2≤ε

‖V ‖ε≤(1−ε)

(F, U) + (F, V )

= ε max
‖U‖2≤1

(F, U) + (1 − ε) max
‖V ‖∞≤1

(F, V )

= ε‖F‖2 + (1 − ε)‖F‖1,

a convex combination of the L2 and L1 norms. This suggests a
rather satisfying symmetry that is completed with the dual of the
α-norm, whose unit ball is a convex combination of the unit balls
of the L2 and L1 norms. This norm cannot be defined in the form
of (4), which depends on the properties of the L∞ norm, but we
can constrain it by

‖U‖2 ≤ αν

‖E − U‖1 ≤ (1 − α)ν.

So far two combined norm/dual norm pairs have been formed from
three special cases of the Lp norm and two methods of combina-
tion, but one pair remains. Revisiting (4), it is clear that if instead
we define

h(ν, E) ����
�
|E| − (1 − ε)ν �

+ �� 1 − εν = 0. (6)

then the analysis proceeds essentially unchanged, except that the
result is a family of norms that spans the whole range from L1

to L∞ as does its dual, ε‖E‖∞ + (1 − ε)‖E‖1. Although these
norms do not resemble Lp in general, they have the advantage that
they can be implemented using only linear programming when E
is real-valued.

4. EXAMPLES

In this section a simple lowpass filter is optimized using the var-
ious combined-norm SOCP techniques presented in the previous
section and compared to the general Lp solution. The filter has
31 real coefficients with no symmetry and a desired delay of 10
samples that ensures a complex frequency response. The passband
and stopband cover the intervals [0, 0.225] and [0.3, 0.5], with the
remainder of the frequency-response period defined by symmetry.
An error weighting of one in the passband and five in the stopband
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Figure 2: Mixed L2/L∞-optimized FIR filter responses.

was applied. A general-purpose solver was used to minimize the
L4 norm of the error, and SOCPs were used to minimize the α- and
ε-norms with α = 0.75 and ε = 0.18 determined empirically to
give the best visual approximation to L4 (an admittedly subjective
measure). The resulting responses are shown in Fig. 2.

Qualitatively, of the two mixed norms the minimum ε-norm re-
sponse more resembles the minimum L4 response. A character-
istic feature of the α-norm is that even for α > 0, the optimized
error still has a L∞-like equiripple response near the transition re-
gion. The equivalent constrained formulation of (3) suggests why:
since the largest error ripples typically occur near the transition,
the peak-error constraint is active in this region. Away from the
transition, the peak constraint is inactive, and the response resem-
bles a pure L2 response. Decreasing α will grow the equiripple er-
ror region. Thus the effect of combining the L2 and L∞ norms in
this way is to partition the frequency axis into L2 and L∞ regions.
The ε-norm, on the other hand, like the Lp norm, smoothly tran-
sitions from equiripple errors to L2-type errors everywhere on the
frequency axis, and generally has no equiripple errors for ε > 0.
This is because the L2 and L∞ constraints in the SOCP are not
applied to the entire error response, but to components of it.

The same design was also optimized using the duals of the
norms from the previous example. The result is shown in Fig. 3.
The ε-dual response better approximates the Lq response (q =
4/3), although the difference is less easily characterized.

5. CONCLUSIONS

The goal of this paper was to demonstrate the ability of SOCP to
constrain more interesting FIR filter error norms than the usual
subset of Lp. In particular, Burdakov’s vector ε-norm was ex-
tended and shown to be related to a more familiar norm combina-
tion, and it was shown that these combining techniques in fact gen-
erate three different norm/dual norm pairs that can be constrained
with SOCP. The examples provide a qualitative comparison of the
resulting filter responses. The real strength of SOCP is not its abil-
ity to solve these particular unconstrained optimizations, although
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Figure 3: Mixed L1/L2-optimized FIR filter responses.

it can do so efficiently. Rather, it lies in the tremendous flexibil-
ity it provides, allowing an arbitrary number of constraints of the
sort presented here, while at the same time enforcing a uniform
structure that allows for efficient solution.
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